A lower bound on the grand partition function of a classical chargesymmetric system is adapted to the neutral grand canonical ensemble, in which the system is constrained to have zero total charge. This constraint permits us to consider two-body potentials that are only conditionally positive definite.
Introduction
Kennedy [5] obtained a lower bound on the grand canonical partition function of a charge-symmetric system of classical particles interacting via a positive definite two-body potential. In the sine-Gordon representation, this lower bound is the Gaussian approximation obtained by retaining only the quadratic part of the cosine interaction. In this paper we establish an analogous lower bound on the neutral grand canonical partition function, that is, the grand canonical partition function restricted to configurations with zero total charge.
The neutrality constraint allows us to consider interaction potentials that are only conditionally positive definite.
1 Let X be a nonempty set, and recall that a symmetric function u : X × X → R is called a conditionally positive definite kernel if for any n ≥ 2, x 1 , . . . , x n ∈ X, and c 1 , . . . , c n ∈ R, In our context, X is the configuration space of a single particle, and u(x, y) is a two-body potential. Suppose r is a metric on X. Then (x, y) → −r(x, y) and (x, y) → − log(1 + r(x, y)) are conditionally positive definite kernels. An interesting consequence of strict neutrality is that the mean-field correlation length ξ 0 appearing in our lower bound depends on the volume. (In the case of Coulomb interactions, ξ 0 is called the Debye length.) Suppose that X is a Riemannian manifold and that the particles are confined to a bounded region Λ ⊆ X of Riemannian volume |Λ|. For a system of two species of particles with equal activities z and opposite charges ±e, one finds
Here I n is the n th modified Bessel function, and β is the inverse temperature. The correlation length (1.3) should be compared with (2zβe 2 ) −1/2 , its counterpart in the ordinary grand canonical ensemble. The difference reflects the fact that the limit as β → 0 of the neutral grand canonical particle density is 2z
is a strictly increasing function with range (0, 1). Thus for given z and |Λ|, (1.4) is smaller than 2z, the difference vanishing for large z|Λ|. This effect of exact charge conservation on the density of an ideal gas of charged particles is termed canonical suppression in high energy nuclear physics. 3 In a mean-field treatment of interactions, this density suppression leads to enhancement of charge-charge correlations-that is, suppression of screening.
Definitions

The Model
Our system consists of s species of charged point particles moving in a space X. We take X to be either a complete connected Riemannian manifold (X, g) or a lattice lZ d ⊂ R d . In the former case, v denotes the volume measure induced by the metric g; in the latter, v is the counting measure on Z d multiplied by l d , the volume of a lattice site. We sometimes use the notation | · | = v(· ).
Let z α and e α denote the activity and charge, respectively, of the α th species (α = 1, . . . , s). The activity has dimensions of inverse volume. The charges are integer multiples of an elementary charge e. We require charge symmetry. For the ordinary grand canonical ensemble, this condition is expressed by
For the neutral grand canonical ensemble, the corresponding condition is The difference stems from the fact that the neutral ensemble is invariant under the transformation z α → e eαc z α . (See for instance [6] .) We define
n j=1 e αj = 0 . A neutral configuration of n particles is specified by a point
α j and x j being the species and position, respectively, of the j th particle. The potential energy of a neutral configuration is given by
where u : X × X → R is a conditionally positive definite kernel-see (1.1). Note that the diagonal terms are included in the sum. Since we assume only conditional positive definiteness, it is not correct in general to interpret 1 2 e 2 u(x, x) as the self-energy of a charge e at the point x. Moreover, the neutrality condition (α 1 , . . . , α n ) ∈ A n permits us to rewrite (2.2) as
where by construction the diagonal terms vanish.
It is often convenient to subtract from (2.2) a term
where u 0 is a constant. For example, if X is a periodic box R d /aZ d of dimension d > 2 and (x, y) → u(x, y) is given by (1.2), one might define
In this example, 1 2 e 2 u 0 is the self-energy of an isolated charge e in the infinitevolume limit a → ∞. We absorb the term (2.3) into the activities, defining for each species α the (dimensionless) measurẽ
Note that charge symmetry is preserved-if the bare activities z α satisfy (2.1), then the renormalized activitiesz α satisfy (2.1) with 0 = (trivial measure).
The neutral grand canonical partition function for a system of particles in a region Λ ⊆ X is given by
The n = 0 term is defined to be equal to 1. We define the ideal-gas partition function Ξ 0 as the limit of Ξ when β → 0 with the bare activities fixed:
(2.6)
Charge Representation
We proceed by recasting (2.5) into a more convenient form. This form is obtained by a change of variables (α, x) → e α δ x , where e α δ x is the charge distribution of a particle of species α located at x. (See for instance [4, Section 2].) Let R X be the space of all functions φ : X → R with the product topology. The dual space (R X ) * consists of linear combinations of the projection maps (δ functions) δ x : φ → φ(x), x ∈ X. We introduce the notation
In the present context, Φ is a space of scalar fields, and Φ * is a space of charge densities. Let Θ ⊂ Φ be the subspace of constant functions (i.e., constant fields). Its annihilator
is the subspace of neutral charge densities. 4 The space Θ ⊥ may be identified with (Φ/Θ) * , the dual of the quotient space Φ/Θ. To make this explicit, let π be the quotient map that maps a field φ ∈ Φ to its equivalence class
The adjoint π * : (Φ/Θ) * → Φ * is an isomorphism onto its image Θ ⊥ . Let C ∼ be the symmetric bilinear form on Φ * defined by
and extension by linearity. Since u is conditionally positive definite, we have C ∼ (̺, ̺) ≥ 0 for all ̺ ∈ Θ ⊥ . Hence the form C on (Φ/Θ) * defined by
is positive definite. We interpret C(̺, σ) as the interaction potential between two neutral charge densities ̺ and σ. The potential energy of n neutral charge densities ̺ 1 , . . . , ̺ n is given by
We fix a basepoint x 0 in X and define δ
We shall think of a particle of species α located at x as having a charge distribution e α δ ′ x . That is, each charge e α is paired with a compensating charge −e α fixed at x 0 . (To generalize the term of [1] , we might call δ ′ x a "pseudocharge.") The compensating charges sum to zero for neutral configurations:
e αj δ xj when (α 1 , . . . , α n ) ∈ A n . Let f 1 , . . . , f s : X → (Φ/Θ) * be the maps defined by
where e is the elementary charge. The n-particle potential (2.2) is the pullback of the n-charge potential (2.9) along ef α1 , . . . , ef αn :
We define a family of pushforward measures, (λ q ) q∈Z , bỹ
Here δ q,q ′ is the Kronecker delta, and f −1 α denotes the preimage under f α . Note thatλ q = 0 for only finitely many q. The bare counterpart ofλ q is
where ε 2 = βe 2 . We rewrite the partition function (2.5) as
The ideal-gas partition function (2.6) becomes
where λ q = λ q ((Φ/Θ) * ).
Sine-Gordon Representation
We now carry out the "Fourier transformation in the charge variables" [4] . Let γ be the Gaussian measure on Φ/Θ with mean zero and covariance C. We write the Boltzmann weight in (2.10) in the form
Taking the sum over n inside the θ and φ integrals gives
The Fourier representation of (2.11) is and −Q = {̺ ∈ (Φ/Θ) * : −̺ ∈ Q}. We definẽ
A complex translation θ → θ + ic 0 in (2.12) and (2.13) yields
15)
Let η be the probability measure on R/2πZ defined by
We set
and write (2.15) as
This representation will be useful in the following section.
Results
In this section, we obtain a lower bound analogous to that of [5] on the neutral grand canonical partition function Ξ. Let us write Expanding V (φ) to second order in ε, 5 we obtain
whereη q = 2π 0 e iqθ η(dθ) are the Fourier coefficients of η. Note that
Our main result is the following theorem.
Theorem.
Remark. We prove (3.3) by using Jensen's inequality. This method is suggested by the final remark of [5] .
Proof. Define the normalized Gaussian measure
where Ξ 2 is the right-hand side of (3.3), and write Ξ as
By Jensen's inequality, Ξ ≥ Recalling (3.2) and noting that e c − 1 − c ≥ 0 for all c ∈ R, we see that E ≥ 0. Thus the inequality Ξ ≥ Ξ 2 follows from (3.4).
As mentioned in the Introduction, the lower bound Ξ 2 involves a volumedependent correlation length ξ 0 . To see this, let us write (3.1) as V 2 (φ) = in the infinite-volume limit.
